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3. TAXRAT 20O EHE (Archimedes' Book of Lemmas ) K VU 4758 6

BOOK OF LEMMAS, 307

[As pointed out by an Arabian Scholiast Alkauhi, this
proposition may be stated more generally. 1If, instead of one
point € on AB, we have two points C, D, and semicircles be
described on AC, BD as diameters, and if, instead of the
perpendicular to AB through C, we take the radical axis of the
two semicircles, then the circles described on different sides of
the radical axis and each touching it as well as two of the
semicircles are equal. The proof is similar and presents no
difficulty.]

Proposition 8.

Let AB, the diameter of a semicircle, be divided at C so that
AC=3CB [or in any ratio]. Describe semicircles within the
first semicircle and on AC, CB as diameters, and suppose a
circle drawn touching all three semicircles. If GH be the
diameter of this circle, to find the relation between GH and AB.

Let GH be that diameter of the circle which is parallel to
AB, and let the circle touch the semicircles on 4B, AC, CB
in D, E, F respectively.

Join A@, GD and BH, HD. Then, by Prop. 1, AGD, BHD
are straight lines.

A c B

For a like reason AEH, BFG are straight lines, as also
are CEG, CFH.

Let AD meet the semicircle on AC in 7, and let BD meet
the semicircle on OB in K. Join CI, CK meeting AE, BF
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respectively in L, M, and let GL, HM produced meet 4B in
N, P respectively.

Now, in the triangle AGC, the perpendiculars from 4, C on
the opposite sides meet in L. Therefore, by the properties of
triangles, GLN is perpendicular to AC.

Similarly HMP is perpendicular to CB.

Again, since the angles at 7, K, D are right, CK is parallel
to AD, and CI to BD.

Therefore AC:CB=AL:LH
=AN:NP,

and BC:CA=BM: MG
=BP: PN.

Hence AN:NP=NP: PB,

or AN, NP, PB are in continued proportion*.
Now, in the case where AC'=§ CB,
AN=§ NP=% PB,
whence BP:PN:NA:AB=4:6:9:19.
Therefore GH=NP = £ AB.
And similarly GH can be found when AC : CB is equal to
any other given ratiot.

* This same property appears incidentally in Pappus (p. 226) as an inter-
mediate step in the proof of the * ancient proposition ” alluded to below.
+ In general, if AC : CB=): 1, we have
BP:PN:NA:AB=1:N:2:(1+X+)3),
and GH : AB=X\: (14N +73).
It may be interesting to add the of the ‘*ancient proposition ”
stated by Pappus (p. 208) and proved by him after several auxiliary lemmas.
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Geometry Expressions 2

An Interactive Symbolic Geometry
Companion to Mathematica

Geometry Expressions is the world's
first interactive symbolic geometry system.
Geometric figures can be defined by either
symbolic constraints or numeric locations.
Measurements on your drawing are not
only presented numerically, but also
expressed symbolically as mathematical
that

Mathematica via MathLink for analysis.

expressions can be sent to

Where Mathematica can be wused to

automate the analysis of mathematical expressions, Geometry Expressions automates the creation of symbolic

expressions in the geometry arena.
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